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High order cumulants of the baryon number distribution are calculated in a 2+1 flavor low energy
effective theory. Quantum fluctuations are encoded through the functional renormalization group
approach. The chiral and deconfinement phase transitions are investigated at finite temperature and
baryon chemical potential. The equation of state for the QCD matter and the kurtosis of the baryon
number distribution are calculated in the low energy effective theory, and one finds the results are
consistent with those from lattice QCD.
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I. INTRODUCTION
Studying the phase structure of the hot and/or dense
QCD matter has attracted lots of attentions in recent
years. In the QCD phase diagram spanned by the tem-
perature and the chemical potential, the critical end
point (CEP), which separates the first-order phase tran-
sition at high chemical potential from the continuous
crossover at high temperature, plays a central role due
to its uniqueness and significance. Unfortunately, loca-
tion, and even existence, of the CEP is hitherto unclear.
Lots of efforts, however, have been made to be aimed
at unravelling the mysterious veil. In the experiments
significant progress has been made in the Beam Energy
Scan (BES) Program at the Relativistic Heavy Ion Col-
lider (RHIC) [1–3], see a review in [4].
In the meantime theoretical studies of the phase struc-
ture of dense QCD matter, as well as confrontation of
theoretical calculations with experimental data, are cur-
rently ongoing research frontier. In recent year, the QCD
equation of state (EoS), fluctuations and correlations of
conserved charges, etc. have been computed and studied
systematically in lattice QCD at finite chemical poten-
tial, see e.g. [5–12]. In particular, freeze-out parame-
ters in heavy ion collisions are already accessible through
comparison between theoretical calculations and experi-
ments [5, 10, 11]. Functional continuum field approaches
besides lattice QCD also provide us with a wealth of
knowledge about the QCD phase structure [13–15] and
the properties of QCD matter [16, 17], especially in the
regime which can not be reached by lattice simulations.
Of observables related to the search of CEP, fluctua-
tions of conserved charges, e.g. the net baryon or pro-
ton, are of extreme importance. Baryon number fluctua-
tions have been studied in the two flavor low energy effec-
tive theory within the functional renormalization group
(FRG) approach in [18–20], and consistent results have
been observed with the improvement of the truncation
for the FRG [21]. In the FRG approach quantum fluc-
tuations are encoded through the running of flows, cf.
reviews [22–25]. As a nonperturbative continuum field
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approach, FRG has been successively applied in first-
principle QCD calculations, and significant progress has
been made in recent year, see, e.g., [26–30] for more de-
tails. Moreover, it has also been widely used in low en-
ergy effective theories, see e.g., [31–40].
Given the importance of the baryon number fluctua-
tions in the phenomenology of CEP searching in the ex-
periments [41–44], in this work we would like to extend
relevant studies in Refs. [20, 21, 41] from two to 2+1
flavors, based on the 2+1 flavor Polyakov-loop improved
quark-meson (PQM) effective model, see, e.g. [45–52] for
more details about the model, and Refs. [53–55] for other
relevant 2+1 flavor low energy effective models of the
same class. Note that including the strangeness is non-
trivial, since it introduce the degrees of freedom of not
only the strange quarks but also open-strange mesons,
such as kaon mesons.
From another point of view, the 2+1 flavor low energy
effective model is the hadronic sector of the 2+1 flavor
rebosonized QCD, and is readily embedded into the glue
sector within the FRG approach, see [26, 27] for the two
flavor rebosonized QCD. Therefore, the 2+1 flavor low
energy effective model investigated in this work is also
aimed to facilitate for the construction of the 2+1 fla-
vor rebosonized QCD in the near future. Therefore, we
would like to describe the theoretical framework in more
detail. The QCD thermodynamics, such as the pressure
and the EoS at finite temperature and baryon chemical
potential, will be investigated, and then we will compare
our calculated results of the baryon number fluctuations
with those from lattice simulations.
This paper is organized as follows. In Sec. II we de-
scribe the 2+1 flavor low energy effective model. The
FRG and the flow equation for the effective potential are
given in Sec. III. We will discuss the thermodynamics and
the baryon number fluctuations in Sec. IV. Numerical re-
sults are presented in Sec. V, and then a summary and
an outlook are presented in Sec. VI. Furthermore, more
technical details about the flow equation of the effective
potential, the glue potential, and the numerical setup are
given in Appendix A, Appendix B, and Appendix C, re-
spectively.
ar
X
iv
:1
80
9.
04
23
3v
1 
 [h
ep
-p
h]
  1
2 S
ep
 20
18
2II. 2+1 FLAVOR LOW ENERGY EFFECTIVE
MODEL
In this work we adopt the 2+1 flavor Polyakov-loop im-
proved quark-meson model [48–51], and quantum fluctu-
ations of different scales, as well as the thermal and den-
sity fluctuations, are encoded successively through the
evolution of the renormalization group (RG) scale de-
pendent effective action Γk, which in the Euclidean for-
malism reads
Γk[Φ] =
∫
x
{
q¯[γµ∂µ − γ0(µ+ igA0)]q + h q¯Σ5q
+ tr(∂µΣ · ∂µΣ†) + U˜k(Σ) + Vglue(L, L¯)
}
(1)
with Φ denoting all the field dependence, where we have
used a shorthand notation
∫
x
=
∫ 1/T
0
dx0
∫
d3x with the
temperature T . The quark chemical potential µ is re-
lated to the baryon chemical potential through µB = 3µ.
In this work only the baryon chemical potential is taken
into account, and interested readers are referred to, e.g.,
[51] for relevant discussions about the influences of the
strangeness chemical potential on the QCD thermody-
namics and phase structure. Note also that the local
potential approximation (LPA) to the effective action is
implicitly implied in Eq. (1), viz. only the effective po-
tential U˜k(Σ) is dependent on the RG scale k. For more
discussions about truncations beyond LPA, taking into
account, for instance, the nontrivial dispersion relations
and the running Yukawa coupling, etc., see e.g. [50].
The temporal gluon background field A0 in Eq. (1) is
related to the color confinement and its phase transition,
which could be formulated as the Polyakov loops for con-
venience, to wit,
L(x) =
1
Nc
〈Tr P(x)〉 , L¯(x) = 1
Nc
〈Tr P†(x)〉 , (2)
with
P(x) = P exp
(
ig
∫ β
0
dτA0(x, τ)
)
, (3)
where P on the r.h.s. denotes the path ordering. The
Polyakov loop, from the viewpoint of statistics, can be
regarded as the order parameter of the Z(3) symmetry
for the deconfinement phase transition. The dynamics
of the Polyakov loop is governed by the glue potential,
also called as the Polyakov loop potential Vglue(L, L¯) in
Eq. (1). Usually the glue potential and its dependence on
the external parameters, such as the temperature, can be
parameterized by employing first-principle QCD calcula-
tions, for instance the lattice computation [56] and the
FRG [57]. Then, the parameterized glue potentials are
applied in low energy effective theories, for more relevant
discussions, see, e.g. the review article [58] and reference
therein.
In the effective action Eq. (1), quarks are coupled to
the scalar and pseudoscalar meson nonets via a chirally
symmetric Yukawa term with
Σ5 = T
a(σa + iγ5pi
a) , a = 0, 1, ..., 8 , (4)
where T a are the generators of the flavor U(Nf ) group,
which for the superscript a = 1, ..., 8 can be represented
by the Gell-Mann matrices, i.e., T a = λa/2, and T 0 =
1√
2Nf
1Nf×Nf . The kinetic term for the mesons in Eq. (1)
is formulated in terms of the adjoint representation of
U(Nf ), which reads
Σ = T a(σa + ipia) . (5)
In Eq. (1) U˜k(Σ) is the meson effective potential, which
consists of several parts as follow
U˜k(Σ) = Uk(ρ1, ρ˜2)− cAξ − jLσL − jSσS , (6)
with Uk(ρ1, ρ˜2) on the r.h.s. being an arbitrary func-
tion of ρ1 and ρ˜2, where ρ1 and ρ˜2 are invariant under
the transformation of SUV(3)×SUA(3)×UV(1)×UA(1).
Therefore, Uk(ρ1, ρ˜2) has the maximal symmetry of fla-
vors, and the invariants ρ1 and ρ˜2 are defined as
ρ1 = tr(Σ · Σ†) , (7)
ρ˜2 = tr
(
Σ · Σ† − 1
3
ρ1 13×3
)2
. (8)
ξ in Eq. (6) is the Kobayashi-Maskawa-’t Hooft determi-
nant which reads
ξ = det(Σ) + det(Σ†) , (9)
and the relevant term breaks the UA(1) symmetry, which
stems from the axial anomaly due to quantum fluctua-
tions of QCD. The coefficient cA is scale independent.
The last two terms linear in the sigma fields in Eq. (6)
break the chiral symmetry explicitly, which results di-
rectly in mass acquirement for the Goldstone bosons,
such as pions and kaons, etc. In Eq. (6) we have em-
ployed the light-strange basis, which is related to the
singlet-octet one through the relation as follows(
φL
φS
)
=
1√
3
(
1
√
2
−√2 1
)(
φ8
φ0
)
, (10)
with φ denoting scalar and pseudoscalar mesons collec-
tively. Apparently, the strength of explicit breaking of
the chiral symmetry, in another word, how massive the
Goldstone bosons are, is connected to the magnitude of
the coefficients jL and jS in Eq. (6), which in this work
are regarded as the RG scale independent parameters to
be determined in the following. The constituent quark
masses for the light and strange quarks are given by
ml =
h
2
σ¯L, ms =
h√
2
σ¯S , (11)
3respectively, and the pion and kaon decay constants read
[59]
fpi = σ¯L, fK =
σ¯L +
√
2 σ¯S
2
, (12)
where σ¯L and σ¯S denotes the expected values of σL and
σS fields. The meson mass squares are obtained by di-
agonalizing the Hessian matrix of the effective potential,
which reads
Hij =
∂2U˜k
∂φi∂φj
. (13)
The Hessian matrix is block diagonal in the scalar and
pseudoscalar channels, and in each block the only nonva-
nishing nondiagonal element is H80 or H08, which result-
ing in the mixing of mesons between the octet and singlet.
We will not go into the details in this work, and for more
relevant discussions as well as explicit expressions for the
meson masses, see, e.g. [50].
III. QUANTUM FLUCTUATIONS WITHIN FRG
In the RG scale dependent effective action Γk in
Eq. (1), quantum fluctuations of wavelength & 1/k are
suppressed, and the scale k is in fact an infrared (IR)
cutoff scale. Therefore, by lowering the IR cutoff scale
toward the IR limit, i.e., k → 0, one arrives at a full
quantum effective action Γk→0. As a consequence, one
also has to specify the initial ultraviolet (UV) scale where
the evolution begins. An ideal choice is a scale deep in
the perturbative regime, for instance the mass scale of
the Z boson, which, however, entails the embedding of
the glue dynamics. The dynamics of glue part, including
the gluon and ghost in the Landau gauge for example, is
indispensable to the evolution of Γk, when k is above ∼ 1
GeV, thus the effective action in Eq. (1) is insufficient at
high scale. For more discussions about the first-principle
FRG QCD calculations and recent progresses whereof,
see e.g. [17, 26–30, 60]. It has been known that, with the
evolution of the RG scale k from the UV to IR regime, the
glue dynamics decouples from other degrees of freedom
when k is reduced to about 1 GeV, since a mass gap of
the gluon field develops therein [27–30]. Therefore, one
can start the evolution of flow equations at a scale Λ ∼ 1
GeV, safely neglecting the glue part, and the quantities
at the initial scale are the parameters of the low energy
effective model, which are needed to be determined.
The flow equation for the effective action in Eq. (1),
i.e., the Wetterich equation [61], is given by
∂tΓk = −Tr
(
Gqq¯k ∂tR
q
k
)
+
1
2
Tr
(
Gφφk ∂tR
φ
k
)
, (14)
with the RG time being t = ln(k/Λ), where Λ is the
initial evolution scale as mentioned above, and it is also
called as the UV cutoff. The two terms on the r.h.s. of
Eq. (14) corresponds to contributions from the quarks
and mesons, respectively, and in our case there are three
flavor quarks, meson nonets in the scalar and pseu-
doscalar channels. In Eq. (14) Gk’s are the propagators
of quarks and mosons, and the IR regulators Rk’s sup-
press quantum fluctuations of wavelengths & 1/k.
With the truncation of LPA, the Wetterich equation in
Eq. (14) is equivalent to the flow equation for the effective
potential, since all the k-dependence is encoded in such
potential, which reads
∂tUk(ρ1, ρ˜2)
=
k4
4pi2
{
3 l
(B)
0 (m¯
2
pi,k;T ) + 4 l
(B)
0 (m¯
2
K,k;T ) + l
(B)
0 (m¯
2
η,k;T )
+ l
(B)
0 (m¯
2
η′,k;T ) + 3 l
(B)
0 (m¯
2
a0,k;T ) + 4 l
(B)
0 (m¯
2
κ,k;T )
+ l
(B)
0 (m¯
2
f0,k;T ) + l
(B)
0 (m¯
2
σ,k;T )
− 4Nc
[
2 l
(F )
0 (m¯
2
l,k;T, µ) + l
(F )
0 (m¯
2
s,k;T, µ)
]}
, (15)
with the dimensionless mass square m¯2i,k ≡ m2i,k/k2 and
the threshold functions l
(B/F )
0 given in Appendix A,
where all the scalar and pseudoscalar mesons in the
nonets are shown explicitly, and the numbers in front of
l
(B)
0 ’s denote their respective degeneracy of isospin. The
dependence of the threshold functions on the tempera-
ture and chemical potential is also shown in Eq. (15).
Note that the baryon chemical potential does not en-
ter into l
(B)
0 ’s, since the mesons do not carry the baryon
number. However, this is not the case for other chemi-
cal potentials, such as those for the electric charge and
strangeness, which can be carried by a meson, for more
relevant discussions, see, e.g. [51]. In this work we
employ the Taylor expansion around the physical point
to solve the flow equation for the effective potential in
Eq. (15), which is presented in detail in Appendix A.
IV. THERMODYNAMICS AND THE BARYON
NUMBER FLUCTUATIONS
The thermodynamical potential density is connected
to the effective action Γk in Eq. (1), more exactly its IR
limit with k = 0, through the relation as follows
Ω[T, µ] =
T
V
(
Γk=0[Φ¯]
∣∣∣
T,µ
− Γk=0[Φ¯]
∣∣∣
T=µ=0
)
, (16)
where Φ¯ are the physical values of fields, i.e., the solu-
tions of their equations of motion, and V is the volume of
the system. Upon inserting Eq. (1) into Eq. (16) and con-
sidering the expected values of all the fields, one arrives
at
Ω[T, µ] = U˜k=0(σ¯L, σ¯S) + Vglue(L, L¯) , (17)
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FIG. 1. Left: running of the meson (top) and quark (bottom) masses with the RG scale k at vacuum. Right: meson (top) and
quark (bottom) masses as functions of the temperature at vanishing chemical potential. Calculations at finite temperature are
performed by employing the glue potential Vglue-Haar in Eq. (B5) with T
glue
c = 270 MeV and α = 0.52.
where it is assumed that Ω has been normalized to be
vanishing at vacuum as Eq. (16). In order to investigate
the dependence of our calculated results on the param-
eterization scheme for the glue potential, in this work
we employ two different glue potentials, which are com-
monly used in literatures, i.e., the polynomial potential
in Eq. (B1) and that with the Haar measure in Eq. (B5),
respectively. More detailed descriptions and discussions
about these two potentials are deferred to Appendix B.
With the thermodynamical potential in Eq. (16) in
hands, one can obtain other equilibrium thermodynami-
cal quantities, such as the pressure and the entropy den-
sity:
p = −Ω[T, µ] , and s = ∂p
∂T
. (18)
The equation of state for the QCD matter is well describe
by the interaction measure, i.e., the trace anomaly which
reads
∆ = − 3p , (19)
with the energy density .
The n-th order cumulants of the net baryon number
NB distributions are given by
〈(δNB)n〉 =
∞∑
NB=−∞
(δNB)
nP (NB) , (20)
with δNB = NB−〈NB〉, where P (NB) is the probability
distribution of NB , and 〈NB〉 its mean value. Therefore,
theoretical calculations of the cumulants are feasible, if
the probability distribution P (NB) is obtained, that is
what has been done in our former work [62]. However,
one can also chooses another equivalent approach, which
is more commonly used, viz. computing the n-th order
derivative of the pressure w.r.t. the baryon chemical po-
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FIG. 2. Pion and kaon decay constants as functions of the
temperature at vanishing chemical potential. The glue poten-
tial Vglue-Haar in Eq. (B5) with T
glue
c = 270 MeV and α = 0.52
is employed.
tential, which reads
χBn =
∂n
∂(µB/T )n
p
T 4
. (21)
They are related to the cumulants of the baryon num-
ber distribution through relations, for instance up to the
fourth order, as follow
χB1 =
1
V T 3
〈NB〉 , (22a)
χB2 =
1
V T 3
〈(δNB)2〉 , (22b)
χB3 =
1
V T 3
〈(δNB)3〉 , (22c)
χB4 =
1
V T 3
(
〈(δNB)4〉 − 3〈(δNB)2〉2
)
, (22d)
In the experimental measurements, the mean value M ,
variance σ2, skewness S, and the kurtosis κ of the net
proton or baryon number distribution are usually used,
which are connected to the generalized susceptibilities in
Eq. (22) by
M = V T 3χB1 , σ
2 = V T 3χB2 ,
S =
χB3
χB2 σ
, κ =
χB4
χB2 σ
2
, (23)
V. NUMERICAL RESULTS
In this section we would like to give our numerical re-
sults, but before that, the initial conditions of the flow
equation for the effective potential in Eq. (15) as well
as other parameters, e.g. those in Eq. (6), have to be
specified. They are fixed by fitting hadronic observables
at vacuum, and relevant discussions are presented in Ap-
pendix C in detail, and we also discuss how to reduce the
influence of the UV cutoff Λ on observables at large T or
µ therein.
In Fig. 1 we show the meson and quark masses as func-
tions of the RG scale k at vacuum, and as functions of the
temperature. When we refer to results at finite tempera-
ture or chemical potential, the RG scale k = 0 is assumed,
which is still applicable in the following. Comparing the
left and right panels in Fig. 1, one finds that the de-
pendent behaviors of the masses on k and the tempera-
ture are similar, which are reasonable and self-consistent.
With the increase of k or T , the dynamically broken chi-
ral symmetry is restored, and the chiral partners, such
as pi-σ, a0-η
′, K-κ, become degenerate with each other,
and furthermore, the constituent quark masses decrease
pronouncedly, especially the light quarks. Note, however,
that if we compare the results obtained here in the low en-
ergy effective model with those in the QCD calculations,
including the quantum fluctuations of the glue sector, e.g.
in [27, 63], the distinction is remarkable, and one would
find that the mesons in the QCD calculations decouples
much more quickly than the results here, once the scale
or the temperature is located in the chiral symmetrical
phase. And also the quark masses approach their bare
masses more slowly in the effective model than those in
the QCD. This feature of the effective model will affect
the thermodynamics to be discussed in the following.
In Fig. 2 we show the pion and kaon decay constants
as functions of T with µB = 0. As shown in Eq. (12), fpi
and fK are linked to the expected values of the σL and
σS fields, and therefore serve as order parameters for the
QCD chiral phase transition, or more exactly the contin-
uous crossover. Alternatively, one can also use ρ1 defined
in Eq. (7) as the order parameter, which is reduced to
ρ1 =
1
2
(σ¯2L + σ¯
2
S) , (24)
after expected values for all mesonic fields have been in-
serted, and note that only those of σ fields are nonva-
nishing. The pseudocritical temperature extracted from
the peak of |∂ρ1/∂T | at µB = 0 is Tχc = 194 MeV, where
the superscript χ denotes the chiral crossover, which is
intended to be distinguished from the pseudocritical tem-
perature for the deconfinement phase transition T dc . It
is found in our calculations that T dc = 177 MeV, where
T dc is obtained from the peak of the derivative of the
Polyakov loop w.r.t. the temperature. Note that Tχc in
this work is larger than that of lattice QCD by HotQCD
Collaboration 154± 9 MeV [6] and Wuppertal-Budapest
Collaboration 156 ± 9 MeV [9, 64]. We think this re-
markable difference is attributed to several reasons as
follow. Firstly, the absolute scale of the effective model
is inherently different from that of QCD, and the former
is larger. A larger critical temperature is also found in
6FIG. 3. Pressure (left panel) and trace anomaly (right panel) as functions of the temperature in unit of Tc with µB = 0,
where the solid and dashed lines correspond to the results obtained from the Haar glue potential Vglue-Haar in Eq. (B5) and
the polynomial potential Vglue-poly in Eq. (B1), respectively. Lattice results by HotQCD Collaboration [6] and by Wuppertal-
Budapest Collaboration [9] are also presented for comparison.
FIG. 4. Kurtosis of the baryon number distribution, i.e., the
ratio χB4 /χ
B
2 , as a function of the temperature in unit of Tc
with µB = 0. Lattice results by HotQCD Collaboration [7, 8]
and by Wuppertal-Budapest Collaboration [10] are also pre-
sented for comparison.
another effective model calculation with some different
setup [51]. Secondly, in the calculations we have used
the glue potential Vglue-Haar in Eq. (B5) with two pa-
rameters T gluec = 270 MeV and α = 0.52, and although
the value of Tc is allowed, but a bit larger. Finally, the
σ-meson mass is fixed to be mσ = 510 MeV in our calcu-
lations, as discussed in detail in Appendix C. This value
is located in the experimental measured mass region of
f0(500), i.e., 400− 550 MeV [65], but almost touches the
allowed maximal value. However, because of the numer-
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FIG. 5. Phase diagram of the 2+1 flavor low energy effective
model in the plane of T and µB , where the Haar glue potential
with T gluec = 270 MeV and α = 0.52 is used. Color in the
diagram stands for the value of
∣∣∂ρ1(T, µB)/∂T ∣∣ with ρ1 given
in Eq. (24). The two solid lines are determined by 90% peak
height of this derivative at each value of µB .
ical instability for the Taylor expansion of the effective
potential around the physical point in Eq. (A10), see Ap-
pendix A for more relevant discussions, it is difficult to
decrease mσ further. A smaller σ-meson mass will results
in a smaller Tχc . We will try to overcome this numerical
instability and present relevant results elsewhere.
Although there is an absolute scale difference between
the effective model and the lattice simulation, it will not
hamper the comparisons of results obtained from the two
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FIG. 6. Pressure (left panel) and trace anomaly (right panel) as functions of the temperature at several values of the baryon
chemical potential, where the Haar glue potential in Eq. (B5) with T gluec = 270 MeV and α = 0.52 is used.
calculations, if the relative scale is used, such as the tem-
perature in unit of the critical one, as will be discussed
in what follows.
We show the pressure and the trace anomaly in Fig. 3
and the kurtosis of the baryon number distribution, i.e.,
the ratio χB4 /χ
B
2 , in Fig. 4. Two different glue poten-
tials in Appendix B are used in the calculations. Our
calculated results are also compared with relevant lattice
results by HotQCD Collaboration [6–8] and Wuppertal-
Budapest Collaboration [9, 10]. In order to eliminate the
difference of absolute scale between the lattice QCD and
the effective model as discussed above, we rescale the
temperature by their respective pseudocritical tempera-
ture. The pseudocritical temperature Tc for the lattice
calculations is chosen to be central value, i.e., 154 MeV
from 154±9 MeV by HotQCD Collaboration [6], and 156
MeV from 156±9 MeV by Wuppertal-Budapest Collabo-
ration [9, 64], and the errors are not taken into account in
this work. Note that, in the low energy effective model,
two pseudocritical temperatures Tχc and T
d
c are defined,
which are related to the chiral and deconfinement phase
transitions, respectively. In Fig. 3 we choose Tc = T
χ
c for
the effective model. One finds that our calculated pres-
sure and trace anomaly agree with the lattice results.
This is not a surprise, since two parameters in the glue
potential are employed to fit the pressure and the trace
anomaly, see Appendix B for more detailed discussions.
Therefore, it is more valuable to compare our calculated
baryon number fluctuations with the lattice simulations
as shown in Fig. 4. However, there is still an intricacy
needed to be fixed before the comparison. It has been
known that the ratio χB4 /χ
B
2 is linked to the degrees of
freedom [20, 54, 66, 67], and therefore this ratio is more
sensitive to the deconfinement phase transition. Thus in
Fig. 4 we relax Tc of the effective model to be an appro-
priate value between Tχc and T
d
c , and we find Tc = 185
MeV for the Haar potential which gives an optimal agree-
ment. This is nontrivial, and it would be clearer if one
looks at the red dashed curve calculated with the polyno-
mial glue potential. The best choice for the polynomial
potential is Tc = T
χ
c . Nevertheless, the agreement with
the lattice results for the polynomial potential is not as
good as that for the Haar potential, specifically at high
temperature.
In this work, we also perform calculations at finite
baryon chemical potential. The phase diagram of the
2+1 flavor low energy effective model in the plane of T
and µB is shown in Fig. 5. We use the color to indi-
cate the value of
∣∣∂ρ1(T, µB)/∂T ∣∣ with the chiral order
parameter ρ1 given in Eq. (24). The two solid lines are
determined by 90% peak height of this derivative at each
value of µB . This two lines approach toward each other
with the increase of the baryon chemical potential, and
crosses at the critical end point. The location of the
CEP is found to be (TCEP = 84 MeV , µBCEP = 840 MeV).
The method of Taylor expansion of the effective poten-
tial results in numerical instability around the first-order
phase transition, so we do not show results at very high
baryon chemical potential. The ideal approach to reveal
the global properties of the effective potential is to lattice
the potential in the field space, which therefore can be
employed to study the first-order phase transition. Inter-
ested readers are referred to, e.g., [68].
In Fig. 6 we investigate the dependence of the pres-
sure and trace anomaly on the baryon chemical potential.
One finds that the pressure scaled by T 4 as a function
of the temperature moves up globally with the increase
of µB , and the height of the trace anomaly increases as
well. Note that our calculated results are obtained with a
glue potential without direct dependence on the baryon
chemical potential. When the influence of the chemi-
cal potential on the glue potential is taken into account,
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FIG. 7. Ratios of baryon number fluctuations: χB1 /χ
B
2 (top-left), χ
B
3 /χ
B
2 (top-right), χ
B
4 /χ
B
2 (bottom) as functions of the
temperature at several values of the baryon chemical potential, where the Haar glue potential in Eq. (B5) with T gluec = 270
MeV and α = 0.52 is used.
for instance, through the µ-modification of the param-
eter T gluec in the glue potential [51], It is reasonable to
expect that the behavior of the trace anomaly would
change considerably, cf. Fig. 8. Unfortunately, a con-
clusion about the dependence of the glue potential on
the chemical potential has not yet been arrived at, but it
might be inferred through a detailed comparison of the
trace anomaly at finite µB between the low energy effec-
tive theory and the lattice simulations, which is though
very interesting but beyond the scope of this work, and
we will report it elsewhere in the future.
In Fig. 7 we show χB1 /χ
B
2 , χ
B
3 /χ
B
2 , χ
B
4 /χ
B
2 as functions
of the temperature at several values of the baryon chem-
ical potential. χB1 /χ
B
2 and χ
B
3 /χ
B
2 are linearly dependent
on µB when µB is not far from zero, so they are sensi-
tive to the chemical potential in this region, which is also
verified in our calculations. Therefore, χB1 /χ
B
2 or χ
B
3 /χ
B
2
is usually employed to extract the freeze-out chemical
potential [8, 10]. Furthermore, one finds that with the
increase of the baryon chemical potential, the kurtosis
of the baryon number distribution, i.e., the ratio χB4 /χ
B
2
develops a minus value as well as a peak, which is more
significant when the critical end point is approached. But
the region of minus χB4 /χ
B
2 shrinks and vanishes at the
CEP [47].
VI. SUMMARY AND OUTLOOK
We have studied the QCD phase transition, thermody-
namics, and the baryon number fluctuations in the 2+1
flavor low energy effective theory. In the calculations
quantum fluctuations are included through the functional
renormalization group approach. The flow equation for
the effective potential is solved by Taylor-expanding it
around the physical point.
The QCD phase transition, as well as the behaviors
of the masses of mesons and quarks, the pion and kaon
9decay constants during the phase transition, has been
investigated in the 2+1 flavor effective model at finite
temperature and chemical potential.
The equation of state for the QCD matter, including
the pressure and the trace anomaly, and the kurtosis of
the baryon number distribution are calculated and com-
pared with lattice results. We find the agreement be-
tween the low energy effective model and the lattice QCD
is acceptable, especially for the calculations with the glue
potential which takes the Polyakov loop fluctuations into
account. We also calculate the EoS and baryon number
fluctuations up to the four order at finite baryon chemical
potential.
It should be noted that this work is our first calcula-
tion of high order cumulants of the baryon number dis-
tribution in the 2+1 flavor low energy effective model
within the FRG approach. Lots of things have to be
done in the future, for instance, going beyond the LPA
truncation employed in this work; including the degree of
freedom of gluons and extending the low energy effective
theory to the 2+1 flavor rebosonized QCD. Furthermore,
in our calculations only the baryon chemical potential
are included, two other chemical potentials, i.e., the elec-
tric charge and strangeness chemical potentials, are also
needed to be taken into account, when we calculate their
fluctuations and correlations, or the strange neutrality
[51] and the ratio Z/A are demanded, where Z and A
are electric and mass number for a nucleus. Therefore,
more sophisticated calculations and comparison with lat-
tice QCD and experimental data are especially desirable.
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Appendix A: Flow of the effective potential
The flow equation of the effective potential in Eq. (15)
is obtained with the flat or Litim 3d IR regulators [70, 71],
as follow
Rqk(q0, q) = iγ · q rF (q2/k2) , (A1)
Rφk(q0, q) = q
2rB(q
2/k2) , (A2)
for the quark and meson fields, respectively, where the
shape functions read
rF (x) =
( 1√
x
− 1
)
Θ(1− x) , (A3)
rB(x) =
( 1
x
− 1
)
Θ(1− x) , (A4)
with the Heaviside step function Θ(x).
The threshold functions in Eq. (15) are given by
l
(B)
0 (m
2;T ) =
1
3
√
1 +m2
(
1 + 2nB(m
2;T )
)
, (A5)
l
(F )
0 (m
2;T, µ) =
1
3
√
1 +m2
(
1− nF (m2;T, µ, L, L¯)
− nF (m2;T,−µ, L¯, L)
)
, (A6)
where the bosonic distribution function reads
nB(m
2;T ) =
1
ek
√
1+m2/T − 1 , (A7)
and the Polyakov-loop modified fermionic distribution
function
nF (m
2;T, µ, L, L¯) =
1 + 2L¯ ex/T + Le2x/T
1 + 3L¯ ex/T + 3Le2x/T + e3x/T
,
(A8)
with
x =k
√
1 +m2 − µ . (A9)
In this work, we employ the method of Taylor expan-
sion to solve the flow equation for the effective potential
in Eq. (15), which reads
Uk(ρ1, ρ˜2) =
N∑
m,n=0
λmn,k
m!n!
(ρ1 − κ1,k)m(ρ˜2 − κ2,k)n ,
(A10)
with N ≥ m+ 2n being the maximal order of the expan-
sion, and N = 5 is adopted in this work, which is found
to suffice for the convergence of calculations. κ1,k and
κ2,k are the expansion points for ρ1 and ρ˜2, respectively.
The expansion points usually can be chosen with a free-
dom given being in the convergence regime, in which the
physical results are independent of the choice of the ex-
pansion points. In literatures there are two commonly
employed choices. One is the fixed point expansion with
the expansion points, i.e., κ1,k and κ2,k here, independent
of the RG scale k [35, 50, 51]. The prominent advantage
of the fixed point expansion lies in its excellent numerical
stability. The other is the physical point expansion, see,
e.g. [62], in which κ1,k and κ2,k are the physical points
for every value of k, and therefore they are k dependent.
10
50 100 150 200 250 300
T [MeV]
0
1
2
3
p/
T4
T
c
glue
=210MeV
T
c
glue
=230MeV
T
c
glue
=250MeV
T
c
glue
=270MeV
50 100 150 200 250 300
T [MeV]
0
1
2
3
4
5
(-
3p
)/T
4
FIG. 8. Pressure (left panel) and trace anomaly (right panel) as functions of the temperature at vanishing chemical potential,
where we have compared the results with different values of T gluec in the glue potential Vglue-Haar in Eq. (B5), and α = 0.52 is
fixed.
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FIG. 9. Same as Fig. 8 but with T gluec = 270 MeV fixed and several values of α.
As the convergence is concerned, the physical point ex-
pansion is superior to the fixed point expansion, while
the former loses the excellent numerical stability.
In this work we employ the approach of physical point
expansion. Differentiating both sides of Eq. (A10) w.r.t.
the RG time t, one arrives at
∂tUk(ρ1, ρ˜2) =
N∑
m,n=0
1
m!n!
(
∂tλmn,k − λm+1n,k∂tκ1,k
− λmn+1,k∂tκ2,k
)
(ρ1 − κ1,k)m(ρ˜2 − κ2,k)n,
(A11)
which yields
∂mρ1∂
n
ρ˜2
(
∂tUk(ρ1, ρ˜2)
)∣∣∣∣ρ1=κ1,k
ρ˜2=κ2,k
=∂tλmn,k − λm+1n,k∂tκ1,k − λmn+1,k∂tκ2,k . (A12)
Specially, for the expansion coefficients λ10,k and λ01,k,
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one has
∂tλ10,k − λ20,k∂tκ1,k − λ11,k∂tκ2,k
− ∂ρ1
(
∂tUk(ρ1, ρ˜2)
)∣∣∣ρ1=κ1,k
ρ˜2=κ2,k
= 0 , (A13)
∂tλ01,k − λ11,k∂tκ1,k − λ02,k∂tκ2,k
− ∂ρ˜2
(
∂tUk(ρ1, ρ˜2)
)∣∣∣ρ1=κ1,k
ρ˜2=κ2,k
= 0 . (A14)
In the meantime, in order to find the evolution equa-
tions for the expansion points, the stationarity condition
is implemented as follows
∂U˜k(σL, σS)
∂σL
∣∣∣∣σL=σ¯L
σS=σ¯S
= 0,
∂U˜k(σL, σS)
∂σS
∣∣∣∣σL=σ¯L
σS=σ¯S
= 0,
(A15)
which leads us to the following equations which read[
λ10,k +
1
6
(3σ¯2L − 2σ¯2S)λ01,k −
1√
2
cAσ¯S
]
∂tσ¯L
+
[− 2
3
σ¯Lσ¯Sλ01,k − 1√
2
cAσ¯L
]
∂tσ¯S + σ¯L∂tλ10,k
+
σ¯L
6
(σ¯2L − 2σ¯2S)∂tλ01,k = 0 , (A16)
and [− 2
3
σ¯Lσ¯Sλ01,k − 1√
2
cAσ¯L
]
∂tσ¯L +
[
λ10,k
− 1
3
(σ¯2L − 6σ¯2S)λ01,k
]
∂tσ¯S + σ¯S∂tλ10,k
− σ¯S
3
(σ¯2L − 2σ¯2S)∂tλ01,k = 0 . (A17)
It follows from Eq. (7) and Eq. (8) that one arrives at
κ1,k =
1
2
(σ¯2L + σ¯
2
S) , (A18)
κ2,k =
1
24
(σ¯2L − 2σ¯2S)2 , (A19)
which result in
∂tκ1,k = σ¯L∂tσ¯L + σ¯S∂tσ¯S , (A20)
∂tκ2,k =
1
6
(
σ¯2L − 2σ¯2S
)(
σ¯L∂tσ¯L − 2σ¯S∂tσ¯S
)
. (A21)
Equations (A13), (A14), (A16), (A17), (A20), (A21) con-
stitute a closed set of linear equations, which can be
solved straightforwardly to obtain the flows equations for
κ1,k, κ2,k, λ10,k, and λ01,k. Since the final expressions for
these flows are lengthy and the set of linear equations can
be quite easily solved, we will not present them here.
Appendix B: Glue potential
In this work two different parameterizations for
the glue potential, i.e., the Polyakov-loop potential
Vglue(L, L¯) in Eq. (1), are employed. One is the poly-
nomial potential, which is widely used in literatures, see
e.g. [72], and given by
V¯glue-poly(L, L¯) =− b2(T )
2
LL¯− b3
6
(L3 + L¯3) +
b4
4
(LL¯)2 .
(B1)
with V¯glue-poly = Vglue/T
4, and the temperature depen-
dence is only encoded in the coefficient b2 which reads
b2(T ) = a1 +
a2
1 + t
+
a3
(1 + t)2
+
a4
(1 + t)3
, (B2)
where t ≡ (T − Tc)/Tc is the reduced temperature.
Note that the Polyakov-loop potential is parameterized
by employing the thermodynamics and the behaviors of
Polyakov loop in the Yang-Mills (YM) theory, thus Tc
is the critical temperature for the deconfinement phase
transition in the YM theory. Interestingly, it is found
that the YM Polyakov-loop potential is also applicable
in QCD [73], and the unquenching effect is quantitatively
taken into account, given the reduced temperature is ap-
propriately rescaled, for instance
tYM → α tglue , (B3)
with
tglue = (T − T gluec )/T gluec , (B4)
where α is the linear scale factor and T gluec is the pseud-
ocritical temperature for the deconfinement phase tran-
sition in QCD. It is found that α ' 0.57 in the case of
flavor Nf = 2 [73]. T
glue
c can also be estimated by the
dependence of ΛQCD on Nf via the QCD RG running
[45], and T gluec = 208 MeV for Nf = 2 and 187 MeV for
Nf = 2 + 1. In this work we will relax the restriction
on the values of parameters α and T gluec , and study the
dependence of the QCD thermodynamics on them sys-
tematically.
In recent year, another parameterization for the
Polyakov-loop potential is proposed [56], in which fluc-
tuations of the Polyakov loop are also taken into ac-
count besides usually employed quantities. Furthermore,
this parameterization employs the SU(Nc) Haar mea-
sure, which solves the problem, as the polynomial po-
tential in Eq. (B1) has, that the Polyakov loop exceeds
unity at high temperature. We denote this potential as
V¯glue-Haar which reads
V¯glue-Haar = − a¯(T )
2
L¯L+ b¯(T ) lnMH(L, L¯)
+
c¯(T )
2
(L3 + L¯3) + d¯(T )(L¯L)2 , (B5)
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FIG. 10. Pressure (left panel) and trace anomaly (right panel) as functions of the temperature at µB = 0. We have compared
calculations with different sets of parameters in the hadronic sector, which produce different values of the σ-meson mass at
vacuum, while other hadronic observables are the same. The glue potential Vglue-Haar with T
glue
c = 270 MeV and α = 0.52 is
used.
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FIG. 11. Same as Fig. 10 but for the quadratic (left panel) and quartic (right panel) baryon number fluctuations.
with the Haar measure
MH(L, L¯) = 1− 6L¯L+ 4(L3 + L¯3)− 3(L¯L)2 . (B6)
where coefficients in Eq. (B5) are hatted with a bar in
order to be distinguished from those in Eq. (B1). Dif-
ferent from the polynomial potential, all the coefficients
in Eq. (B5) are dependent on the temperature, and their
dependence is given by
x(T ) =
x1 + x2/t+ x3/t
2
1 + x4/t+ x5/t2
, (B7)
for x ∈ {a¯, c¯, d¯}, and
b¯(T ) = b¯1t
−b¯4(1− eb¯2/tb¯3 ) . (B8)
Values of all these coefficients as well as those in the Eqs.
(B1) and (B2) are collected in Tab. I.
In Fig. 8 and Fig. 9 we have investigated the depen-
dence of the thermodynamics on the two parameters T gluec
and α in the glue potential, respectively. One finds that
T gluec shifts the curves of the dimensionless pressure and
trace anomaly along the T direction, and affects the
height of the trace anomaly as well, while variation of α
only result in the change of height of the trace anomaly.
Therefore, we would like to employ these properties to
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1 2 3 4 5
a¯i -44.14 151.4 -90.0677 2.77173 3.56403
b¯i -0.32665 -82.9823 3.0 5.85559
c¯i -50.7961 114.038 -89.4596 3.08718 6.72812
d¯i 27.0885 -56.0859 71.2225 2.9715 6.61433
ai 6.75 -1.95 2.625 -7.44
bi 0.75 7.5
TABLE I. Constants in Eqs. (B1), (B2), (B7), (B8) for two
different parameterizations of the glue potential.
determine α and T gluec , guided by the lattice results of
the pressure and the trace anomaly. This procedure
would certainly reduce the predictive power of the ef-
fective model, when the pressure and trace anomaly with
µB = 0 are concerned, but it does not, if we discuss other
quantities, such as the baryon number fluctuations, cal-
culations at finite chemical potentials, etc. In line with
this idea, T gluec = 250 MeV and α = 0.54 are determined
for the polynomial potential in Eq. (B1), and T gluec = 270
MeV and α = 0.52 for the Haar potential in Eq. (B5).
Appendix C: Numerical setup
In an ideal case, we wish to start the evolution of the
FRG flows at an initial scale Λ well above the scale of
interests, such as ∼ 2piT related to the Matsubara gap
of the temperature. In a low energy effective theory this,
however, is restricted by the lack of the glue dynamics
as we discuss in Sec. III, since the gluon mass gap dis-
appears rapidly when the RG scale is above ∼ 1 GeV
[26–29]. Therefore, the value of Λ is limited to a small
window around ∼ 1 GeV. In this work without loss of
the generality, we choose Λ = 1 GeV.
At the initial scale Λ, the effective potential in Eq. (15)
is classical, and it is reasonable to assume that its irrele-
λ10,Λ[GeV
2] λ20,Λ λ01,Λ cA[GeV] jL[GeV
3] jS [GeV
3] h
(0.654)2 31 11.9 4.808 (0.119)3 (0.337)3 6.5
TABLE II. Initial conditions of the flow equation for the ef-
fective potential in Eq. (15) and model parameters in the
hadronic sector.
vant terms, i.e. those with couplings of dimension minus,
in the Taylor expansion in Eq. (A10) are vanishing, which
leads us to
Uk=Λ(ρ1, ρ˜2) = λ10,Λρ1 +
λ20,Λ
2
ρ21 + λ01,Λρ˜2 , (C1)
where the three coefficients together with those in Eq. (6)
and the Yukawa coupling constitute the set of parame-
ters in the hadronic sector in the low energy effective
theory. Their values used in this work are collected in
Tab. II. With these values, one obtains hadronic observ-
ables in what follows: the pion and kaon decay con-
stants and masses, fpi = 92 MeV, fK = 115 MeV,
mpi = 135 MeV, mK = 492 MeV, the σ-meson mass,
mσ = 510 MeV, the sum of mass square of η and η
′
mesons, m2η + m
2
η′ = 1.22 GeV
2, the dressing masses of
light and strange quarks ml = 297 MeV, ms = 453 MeV.
Note that the σ-meson mass is chosen to be mσ = 510
MeV in this work; however, in the experiments the σ-
meson related scalar meson f0(500) with I
G(JPC) =
0+(0++) is located in a broad mass region of 400 − 550
MeV [65]. Therefore, it is necessary to investigate the
influence of the σ-meson mass on the QCD thermody-
namics, and the relevant results are presented in Fig. 10
through Fig. 12 for the EoS, baryon number fluctuations,
and the kurtosis of the baryon number distribution, re-
spectively. As we discuss in Sec. V, due to the numerical
instability for the Taylor expansion of the effective poten-
tial around the physical point, we can not decrease the
value of mσ to be below 500 MeV. With the variation of
mσ in the interval 510 − 600 MeV, we only find a mild
dependence on the σ-meson mass.
As we have mentioned above, the initial scale is chosen
to be Λ = 1 GeV. Making a crude estimate from the
Matsubara gap as follows
Λ ' 2pi TΛ , (C2)
where TΛ is the temperature, above which the UV cut-
off effect becomes significant and can not be neglected.
It follows from Eq. (C2) that TΛ ∼ 160 MeV, which is
around the critical temperature of QCD phase transi-
tions. Therefore, we have to reduce the influence of the
UV cutoff on observables of interest, especially at high
temperature. One way to diminish the UV cutoff effect is
to introduce an appropriate modification for the effective
action at the initial scale, i.e.,
Γk=Λ → Γk=Λ + ∆Γk=Λ , (C3)
where the effects of external parameters, such as the tem-
perature and chemical potential, can be taken into ac-
count to some degree at the second term on the r.h.s.
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of Eq. (C3). For instance, one can integrate the flow of
the effective action from infinity down to Λ, while with
contributions of the vacuum subtracted, to wit,
∆Γk=Λ =
∫ Λ
∞
dk
k
(
∂tΓk
∣∣∣
T,µ
− ∂tΓk
∣∣∣
T=µ=0
)
. (C4)
In the low energy effective model, mesons decouple and
are irrelevant in the scale above the UV cutoff, thus
∆Γk=Λ in Eq. (C4) receives contributions only from free
quarks. Therefore, it follows from Eq. (C4) that
∆Γk=Λ
=−
∫ ∞
Λ
dk
k3
3pi2
Nc
[
2√
1 + m¯2l,k
(
nF (m¯
2
l,k;T, µ, L, L¯)
+ nF (m¯
2
l,k;T,−µ, L¯, L)
)
+
1√
1 + m¯2s,k
×
(
nF (m¯
2
s,k;T, µ, L, L¯) + nF (m¯
2
s,k;T,−µ, L¯, L)
)]
,
(C5)
with the Polyakov-loop modified fermionic distribution
function nF given in Eq. (A8), and m¯
2
l,k = m
2
l,k/k
2 and
m¯2s,k = m
2
s,k/k
2. When the RG scale k is above Λ, the
quark masses are approximated as the values of those at
k = Λ in this work, viz.
ml,k>Λ = ml,k=Λ and ms,k>Λ = ms,k=Λ , (C6)
for values of ml,k=Λ and ms,k=Λ, see Fig. 1. Recently,
Braun et al has proposed the concept of RG consistency,
which is employed to analyze the cutoff effects, and is
aimed to enhance the predictive power of low energy ef-
fective theories [74].
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